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We examine the analog of Lamb's solution for the semi-infinite plane cut,

We assume that an elastic homogeneous and isotropic body, occupying the
exterior of the cut ¥ = 0,2 <0, is at rest at the beginning, At the initial ins-
tant ¢ = 0 an instantaneous concentrated impulse P is acting at both edges

of the cut at the point of coordinate 2 = —I , This problem, with mixed bound-
ary conditions on the semiplane, is solved by the Wiener-Hopf method, First

we construct the solution for the similar stationary case, and then, on the basis
of this, the solution of the nonstationary problem, By using the latter solution

as Green's function, we construct the solution of the more general dynamic
problem with arbitrary load distribution along the gap,

1, The stationary problem, We consider a stationary wave process in the
plane zy, assuming that the physical quantities are specified in the form f (z, y) exp
{—iwt),where f (z, y)is some function, w is the frequency of the oscillations, and ¢ is
time, The equations of the dynamic elasticity theory have the form

AD + k20 = 0, AY + k2¥ = (1.1

Here @ (z,y) and ¥ (z, y) are the potentials of the longitudinal and transversal waves,
k, and %, are the wave numbers, A is the Laplace operator and z, y are rectangular
Cartesian coordinates, The components of the stress tensor and the displacement vector
are expressed in terms of the wave potentials © (z, y) and ¥ (z, y) in the following man-

ner: G 1 2 v
¥ 2 —_ —_——
'2_:"< 7 kPt ax2>® 0zdy
T 20 2 1
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n = 220y —<az2 +73 kzz)‘y (1-2)
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Here o, and T, are stresses, v is the component of the displacement along the y -axis,
and p is the shear modulus (the factor exp (—iwt) in the formulas (1.2) is omitted),
We consider the following singular boundary value problem for the semi-infinite cut:

Gy=—Pd(z+4lexp(—int) for y=0,z<0

v=0 for y =0, z>0 (1.3)
Ty =0 for y=0—ocolzr<00

®=0¢", ¥=0(¢" for r=VFy—0

(the condition on the edge [1, 2]). Here 6 (z) is Dirac's delta function, The problem
is considered to be symmetric with respect to the z-axis,
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Following [2], we seek the solution of the problem in the form
o
o ! i Vi
@=—\ RM{~ kzgwlﬁ) gl Vii=d) gy,
s (K
o0

¥ (z,y) = § R M)A VP = RaeiOat Vid=To g3

-3

(1.4)

Here R () is the unknown function; the function ¥'%* — A? , analytic in the complex
plane 4 with two semi-infinite cuts (—oc, —k) and (k, o) along the real axis, is view-
ed as the branch of this function, real and positive for —k <A <k, i, e, positive ima-
ginary at the upper edge of the left cut and at the lower edge of the right cut, The inte-
gration contour for (1,4) is shown in Fig, 1,

Fig, 1

The solution in the form (1,4) satisfies the wave equation (1, 1) and the boundary con-
dition 7, = 0 for y = 0. The remaining boundary conditions and the condition on the
edge determine the function K (A). Substituting (1.4) into (1,2), we obtain (for y = 0)

o0

s : ¢ :
= rwama, o= ryse (15)

—00

AQ) =RV (k2 — A (k2 — AY) + (Yoka? — A2
B = — Yok ViE — R
Applying the inverse Fourier transform to the relations (1, 5), we obtain

1 ¢ (s .
ARG =37 S (Tﬁ)yzo Mgy = QY (A + Q@ ()

BMRM= '21; S Oymp Mz =V Q)+ V- (M) (1.6)
L] o
1 ¢ (S ; 1 .
QF (A) = T S (T;'L)Ilzo g‘ﬁ-xdx, Q- (&) = T S ( )y-:o Mg,
2 )

0 o
1 1 -
Vr) = o S (v)y=oe""xdx, V= (A) = ES (l)ll e~ iME gy
¢

—

where the desired functions R-(A) and V*(A) are analytic in the upper and lower half-
plane of the complex variable A ,respectively, According to the boundary conditions
(1. 3), we have
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QM) = _—4%; &M, V- =0 1.7

Substituting (1, 7) into (1,6) and eliminating R (A), we arrive at the following Wiener-
Hopf functional equation;

2 PeiM
i(i-k—:,)]/kzi—k’F(A)V+(7.)=Q‘(A.)— ,:m

o],

2
FMN=q7—%z A?
(A.) kz [ + V ("12 12) (k22 . xz)
The functions F (\) and V' k2* — A* are represented in the form

FM=F-QNF ), VEE—N=VktAVk—-Ai (1.9)

where the functions F*(A) and F~(A) are analytic and different from zero in the half-
planes Im A.>0 and Im A<0 ,respectively, Due to the choice of the branch of the
function V'>— A and of the contour which separates the lower and the upper half-
planes of the )-plane, Vs + A isan analytic function in the upper half-plane (cut
along y = 0, —ky > A > —oc), while V'k, — A in the lower half-plane (cut along

y =0, o0 > A > k;). We make use of the result concerning the factorization of the
function F (), given in [3]

Tha i . n2

e 1 (‘2"‘2 —g de

oAy o B = 1.1¢C
P =Tzl ;Shamg e s AR

(Ap = 0lcg,  cp<e)
Here cp is the propagation velocity of the Raleigh surface waves; we take, simultane-
ously, either the upper or the lower signs, Taking into account the factorization, the
Wiener-Hopf equation (1, 8) can be written in the form
Q= (A P exp (iM)
1——) by - A FH(A) V+ (A —— — ——

( Vi trfrave o) = F-M) V=& 4nplf~() Vie—2a
In order to apply the standard Wiener-Hopf technique to the Eq, (1,11), it is necessary
to transform the second term in the right-hand side, since this term represents a diver-
gent wave at infinity for Im A <C 0, The function F~(A) V'k; — A has a zero at A = Ap
and a branch point at A = k,, In addition, because of the behavior of the integral of
Cauchy type at the extremities of the integration contour [4], the function is regular for
A = ky. The equation (1.11), after the transformation of the second term in the right-
hand side, obtains the form

(1.19)

(1— )Vk»+hF+(A,)V+(A)+

PG -~ 1
mjﬁ—)___x) [e‘ﬂJ l/ kl — A —0q (k) e'l/\;l _ B (}\,) )\Rll
Q~ 3 PG (A )

— ikl
N Vk—1 dnp (A — M) [x(A)ye*™ 4-8 (;\‘)

1
g ¢ (‘z‘ "‘12“52> de ]

G () = exp [“ ?§ T VG (ke —) T %
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k ky
C((}\r) = l// (;\/—/l«f) (kz A ) [Vlw — }"R (VA, — A,]—— Vn,._h])__ (l.12)

Vi,— A (VA — k1 — Ve — k1))

(k2 — A) (Ap — k1)
BW:‘/ e

The left-hand side of this equation represents a function which is analytic in the upper
half-plane of the A-plane, while the right-hand side represents a function which is ana-
Iytic in the lower half-plane, According to the principle of analytic continuation we
can assert that the left~hand and the right-hand sides of this equation are analytic func-
tions, each the continuation of the other, It remains to elucidate the behavior of the so
determined function, analytic in the entire plane A, at the point at infinity, Making use
of an Abelian type theorem [5] and of the condition on the edge (® = O (r ), ¢ =

0 (™) forr= Va + ¢ > 0), it is easy to show that the analytic function tends to zero
at infinity, Then, by virtue of Liouville's theorem, it is identically zero in the entire
plane A. Thus, we obtain Q~(A), V*(A). With the aid of the Fourier transform, we res-
tore the stress g, at the continuation of the cut and the displacement v of its edges,
corresponding to the initial boundary value problem

oo

P i
o, =—P8(z+ D) +5— Slfk fo () el 1B () e R Te ™ an  (1.13)

_ iP go 1 (€M V=%
PTG A—RTED) ) F (e —0 Vit h T

@ () et gy e RN et gy, (1.14)

We determine the stress intensity factor X which presents a fundamental interest in
fracture mechanics, Making use of the condition at the end of the crack

o,=K/V2az for z—+0
we have

-

1 ?o(sy) —id K —in/4 4\
QA =5—\ |5~ W = eI (M) 1.15)
® 2n§ ), = e (
In this connection we consider that A tends to infinity remaining in the lower half-
plane, On the other hand, for A —» o we obtain

P Vi ,
O 4:; (Mt +N )O»)"’* (1.16)

M V €1 — C2 1 Vc'l (e1— CR) - VCR (e1—c2)
B c2 - Ver(e: — cp)
c1 — CR
N=— I/ —
Taking into account the previously omitted experimental factor, from formulas (1, 15),
(1.16) we finally obtain
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K = Re [B (@) '] = — P VF Re [(1 + 1) (Me™ - NeRY g0t (g 17

2. The nonstationary problem, The stress intensity factor at the vertex of
the crack for the nonstationary case is computed with the formula [2]

=]

K(t) = % Re[ S K (0) et dw] @.1)

—00

Here the function K () is given by the formula (1,17), Substituting (1,17) into (2,1)
and evaluating the integral, we obtain
PQ
¢t —1la)
l
KB=0 for t<—= 2.2)
Q=M Vinc)

Considering the obtained result as a Green's function, we find the stress intensity factor
in the case of an arbitrary distributinn of the load on the gap

l
K@)=— for t>——

o 1
v\ p(z, 0 2.3
K(t):_Qég}c G—zlore 9

3, Examples, 1, Assume that the function p (z, ) has the form
o, ty=—Ps(x—1)H(Q (3.4)
Here H (t) is the Heaviside unit function, § (z) is Dirac's delta function and P is some

constant, The solution of this self-similar problem, according to (2. 3), is
2PQ

K(l)y= — ——F— 3.2
® C— 1 oy (3.2)

In particular, for / —0 we have 2p
K@) =— 2P (3.3)

Vi
This solution coincides with the solution given in [6], if in the latter we set ¢ —» 0, T =
—P, where ¢ is the crack propagation rate,
2, Assume that the load is given in the form

L/t Lz /6

Fig, 2
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—PH @ for h<z<h

i) = 3.4

P d { 0 for z<hz>h ¢4

This is also a self~similar problem and it has the following solution:
K(t)=—4aQPRe[Vi—lLja— Vi—&/al (3.5)

It follows from (3, 5) that for I/ 1<t < 2/ e1 , the stress intensity factor is directly
proportional to (¢ — I1/ c1)"?, while for t>>1;/¢; it is directly proportional to

(Vt=Ilijeaa— Vi—Tje)

The graph of the function y = Re(Vi—li/ca— Vi—1;/¢p) is given in Fig, 2.
3. For the function p (z, ¢) of the form

— P8 () for h<z<ll
Pz f) = ‘{ 0 for z< b, z>1h 3.6)
the solution, according to the general formula (2, 3), is
Vi=Lla—Vi—Ili/a ]
= —2c1PQ R [ 3.7
E® P Re | T e & — & on 6.7

The author wishes to thank G, P,Cherepanov for formulation of the problem and for
his constant interest in the paper,
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